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INTRODUCTION 
The requirement for flexibility in choosing how to display computer-generated 
three-dimensional drawings has become increasingly important in recent years. One 
major consideration is the enhancement of the realism and aesthetics of the pres- 
entation. A polygonal representation of objects, even with hidden lines removed, 
is not always desirable. A more pleasing pictorial representation often can be 
achieved by removing some of the remaining visible lines (fig. 1 ) .  Consequently, 
it would be advantageous to have the facility to render any subset of polygons as 
a silhouette with respect to itself. Furthermore, the vocabulary of objects should 
have no restrictions (that is, the solution should be flexible enough to apply to 
every class of objects). 
While the silhouette problem has been addressed before, there has been no 
completely general solution. Moreover, the known partial solutions (unpublished) 
require so much topological information that data preparation is extremely dif- 
ficult. This report discusses the first completely general solution to this most 
classical problem and describes the implementation of the solution. 
The author wishes to express his appreciation to Ralph Carmichael of NASA Ames 
Research Center for his many helpful suggestions and constructive crilzicisms. 
DISCUSSION 
The silhouette solution presented in this report is based on the following 
definitions. 
1. Define X' to be the projection of X. 
2. A boundary point of a set S is a point (x8 y8 z )  whose projection (x, y )  
has the property that every neighborhood lying in the projection plane and con- 
taining (x, y) intersects s' and its complement. 
3 .  A boundary line is a line composed of boundary points. 
4.  Relevant polygons with respect to a given polygon A are those polygons 
whose projections must be considered in determining if a line of A is a boundary 
line. 
5. A silhouette is a rendering that is a composite of the projections of all 
boundary lines. 
6. An interior point (x, y8 z) is a point whose projection (x, y) has the pro- 
perty that there exists a neighborhood lying in the projection plane and containing 
(x8 y) that itself is completely contained in the interior of a group of polygons. 
Note that a point P' lying on the edge of a polygon A '  is defined to be contained 
by A ' .  (See ref. 1, pp. 3 and 4, for the criterion used to determine whether a 
point P' is contained by a given polygon A' ) 
Using these d e f i n i t i o n s ,  w e  s h a l l  now s ta te  and prove a theorem t h a t  a d d r e s s e s  
t h e  process of s e l e c t i n g  p o i n t s  on an  a r b i t r a r y  l i n e .  Furthermore,  t h i s  s e l e c t i o n  
o f  p o i n t s  w i l l  be s u f f i c i e n t  to  de termine  a s i l h o u e t t e  for  a n  a r b i t r a r y  s o l i d .  
THEOREM Let L be any l i ne  belonging t o  any three-dimensional scene S. 
A l s o ,  l e t  Pi, . . ., Pn be a l l  the ordered points (see r e f .  1 , p .  5 )  on L 
whose projections represent intersections of L ' w i t h  the l ines  L;, . . ., Ln ' 
If a segment Ls of L ,  determined b y  P i  and P i + l ,  is v is ib le ,  then every 
interior  point of L, has the same character; t h a t  is, every interior  point 
o f  Ls i s  a boundary point or not one of them i s .  
PROOF The v i s i b i l i t y  of  Ls can  be determined wi th  a h idden- l ine  a lgor i thm.  
I f  Ls is  i n v i s i b l e  i n  t h e  h idden- l ine  sense ,  it is c l e a r l y  n o t  a boundary 
l i n e  i n  t h e  s i l h o u e t t e  sense .  The re fo re ,  t h e  s t a t u s  of Ls must be cons id-  
ered o n l y  i f  it i s  v i s i b l e .  
L e t  Pm be a boundary p o i n t  t h a t  i s  an i n t e r i o r  p o i n t  of  Ls. Also,  l e t  qC be 
any  o t h e r  i n t e r i o r  p o i n t  of Ls. The theorem asserts that Pk is also a bound- 
ary point .  Assume the contrary.  Then Pk i s  an  i n t e r i o r  po in t  of s o m e  poly- 
gon A, and t h u s  Pi l ies i n  t h e  inter ior  of the p r o j e c t i o n  of a polygon A or 
on t h e  p r o j e c t i o n  of i t s  edge. N o w  if 42: belongs  t o  t h e  i n t e r i o r  of  a poly-  
gon, s a y  A ' ,  it  follows that LG does  n o t  be long  to  any edge of A ' .  However, 
Pm i s  a boundary p o i n t ,  and t h u s  PA must l i e  on an  edge of A '  or o u t s i d e  A ' .  
I n  e i t h e r  case, t h e r e  would be a n  i n t e r s e c t i o n  on LA between P i  and P;+l, 
which is impossible. On the o t h e r  hand, if 4 be longs  to  an  edge of A ' ,  
t h e n  t h e r e  is  a s u b s e t  of Li, s a y  L i ,  t h a t  be longs  t o  a t  l eas t  t w o  poly- 
gons; o the rwise ,  $ would n o t  be an  i n t e r i o r  p o i n t .  
boundary p o i n t ,  and hence Pk canno t  be long  to  L i ;  t h a t  is ,  PA i s  o u t s i d e  A', 
w h i l e  P; i s  con ta ined  by A ' .  
f o l l o w s  t h a t  t h e r e  is  a n  i n t e r s e c t i o n  on L i  between & and PA, and hence 
between P i  and Pl+l, which is  a c o n t r a d i c t i o n .  
Pm i s  n o t  a boundary p o i n t  is s i m i l a r l y  developed. 
But  a g a i n ,  Pm i s  a 
There fo re ,  s i n c e  t h e  polygons are closed, i t  
The argument assuming t h a t  
By e x t e n s i o n ,  one can  d e f i n e  a s i l h o u e t t e  s u b s e t  t o  be the s i l h o u e t t e  w i th  
respect t o  a proper s u b s e t  of S only.  T h i s  f l e x i b i l i t y  allows any grouping  of 
polygons to  be a fami ly  (see f i g .  2 )  and t h e r e f o r e  permits any combinat ion of sil- 
h o u e t t e  and n o n s i l h o u e t t e  s p e c i f i c a t i o n s  (see f i g .  3 ) .  F u r t h e r ,  t h e  s o l u t i o n  is  
able to  deduce segments of l i n e s  t h a t  do  n o t  c o n t r i b u t e  to  a s i l h o u e t t e  (F igs .  2 
and 4 ) .  
1 IMPLEMENTAT ION 
An a lgo r i thm w a s  w r i t t e n  based upon t h e  concepts  of r e f e r e n c e  1 and the theorem 
p r e s e n t e d  i n  t h i s  report. 
While t h e  theorem addres ses  t h e  q u e s t i o n s  of economy and g e n e r a l i t y ,  t h e  real  
i s s u e  of a l g o r i t h m i c  e f f i c i e n c y  is  u l t i m a t e l y  p r e d i c a t e d  upon t h e  i n i t i a l  s i z e  of 
t h e  r e l e v a n t  set of polygons f o r  a given polygon. (The f i n e n e s s  of t h e  neighborhood 
can  a lso be a c o n t r i b u t i n g  f a c t o r ,  b u t  it i s  n o t  of major concern.)  I t  should be 
noted ,  however, t h a t  t h e  r e l e v a n t  set i n  t h e  s i l h o u e t t e  case is  larger, on t h e  
average ,  than  i n  t h e  h idden- l ine  case because polygons "behind" t h e  g iven  element  
are a l s o  r e l e v a n t .  
I n i t i a l  r e l evance  is  determined as i n  r e f e r e n c e  1 ,  w i th  t h e  excep t ion  t h a t  t h e  
l o g a r i t h m i c  s e a r c h  f o r  z va lues  is n o t  performed. This  means t h a t  t h e  performance 
o f  t h e  s i l h o u e t t e  a lgo r i thm as w r i t t e n  is  only  a l i t t l e  s lower than  t h a t  of t h e  
h idden- l ine  a lgo r i thm of r e f e r e n c e  1 ;  it i s  a l s o  l i n e a r .  However, i t  should  be 
no ted  t h a t  t h e  theorem is a p p l i c a b l e  t o  any h idden- l ine  a lgor i thm.  
Moreover, t h e  warped-polygon s o l u t i o n  is a f r e e  c o r o l l a r y .  Any t r i a n g u l a r  
s u b d i v i s i o n s  of a polygon can be regarded as members of t h e  same fami ly ;  hence,  
t h e  r ende r ing  of i t s  s i l h o u e t t e  is a polygon wi th  no i n t e r i o r  t r i a n g l e s .  
CONCLUDING REMARKS 
I n  t h i s  r e p o r t ,  t h e  s i l h o u e t t e  problem f o r  c a l l i g r a p h i c  drawings is so lved  
€ o r  the m o s t  g e n e r a l  case. This  s o l u t i o n  o f f e r s  a l l  p o s s i b l e  combinat ions of 
s i l h o u e t t e  and n o n s i l h o u e t t e  s p e c i f i c a t i o n s  f o r  an a r b i t r a r y  s o l i d .  I t  t h e r e f o r e  
allows t h e  f l e x i b i l i t y  t o  enhance the c l a r i t y  of any three-dimensional  scene  pre- 
s e n t e d  i n  two dimensions.  
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